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GENERAL ROTATIONAL SURFACES IN PSEUDO-EUCLIDEAN
4-SPACE WITH NEUTRAL METRIC
YANA ALEKSIEVA, VELICHKA MILOUSHEVA, NURETTIN CENK TURGAY
Abstract. We define general rotational surfaces of elliptic and hyperbolic type in the
pseudo-Euclidean 4-space with neutral metric which are analogous to the general rota-
tional surfaces of C. Moore in the Euclidean 4-space. We study Lorentz general rotational
surfaces with plane meridian curves and give the complete classification of minimal general
rotational surfaces of elliptic and hyperbolic type, general rotational surfaces with paral-
lel normalized mean curvature vector field, flat general rotational surfaces, and general
rotational surfaces with flat normal connection.
1. Introduction
In [14] C. Moore introduced general rotational surfaces in the 4-dimensional Euclidean
space E4 and described a special case of general rotational surfaces with constant Gauss
curvature [15]. In [13] the second author studied general rotational surfaces whose meridians
lie in two-dimensional planes and completely classified all minimal super-conformal general
rotational surfaces in E4. The minimal non-super-conformal general rotational surfaces
with plane meridian curves are described by U. Dursun and the third author in [8]. In [9]
the complete classification of general rotational surfaces consisting of parabolic points is
given. General rotational surfaces with plane meridian curves and pointwise 1-type Gauss
map are studied in [7].
In [11] G. Ganchev and the second author studied spacelike general rotational surfaces in
the 4-dimensional Minkowski space E41 that are analogous to the general rotational surfaces
of C. Moore in E4 and described analytically flat general rotation surfaces and general rota-
tional surfaces with flat normal connection. The classification of minimal general rotational
surfaces in E41 and general rotational surfaces consisting of parabolic points is also given in
[11]. Spacelike general rotational surfaces in E41 with meridian curves lying in 2-dimensional
planes and having pointwise 1-type Gauss map are studied in [6].
In the present paper we define general rotational surfaces of elliptic and hyperbolic type
in the pseudo-Euclidean 4-space with neutral metric E42 which are analogous to the general
rotational surfaces in E4 and E41. We study Lorentz general rotational surfaces with meridian
curves lying in 2-dimensional planes. In Theorem 4.1 and Theorem 4.2 we give the complete
classification of minimal general rotational surfaces of elliptic and hyperbolic type. Theorem
5.1 and Theorem 5.3 classify general rotational surfaces of elliptic and hyperbolic type
with parallel normalized mean curvature vector field. The classification of flat general
rotational surfaces of elliptic and hyperbolic type is given in Theorem 6.1 and Theorem 6.2,
respectively. In the last section we describe all general rotational surfaces of elliptic and
hyperbolic type with flat normal connection (Theorem 7.1 and Theorem 7.2).
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2. Preliminaries
Let E42 be the pseudo-Euclidean 4-space endowed with the canonical pseudo-Euclidean
metric of index 2 given by
g0 = dx
2
1 + dx
2
2 − dx23 − dx24,
where (x1, x2, x3, x4) is a rectangular coordinate system of E
4
2. As usual, we denote by 〈. , .〉
the indefinite inner scalar product with respect to g0. A non-zero vector v is called spacelike
(respectively, timelike) if 〈v, v〉 > 0 (respectively, 〈v, v〉 < 0). A vector v is called lightlike
if it is nonzero and satisfies 〈v, v〉 = 0.
A surface M21 in E
4
2 is called Lorentz if the induced metric g on M
2
1 is Lorentzian, i.e. at
each point p ∈M21 we have the following decomposition
E
4
2 = TpM
2
1 ⊕NpM21
with the property that the restriction of the metric onto the tangent space TpM
2
1 is of
signature (1, 1), and the restriction of the metric onto the normal space NpM
2
1 is of signature
(1, 1).
Denote by ∇ and ∇′ the Levi Civita connections of M21 and E42, respectively. Let x and
y be vector fields tangent toM21 and ξ be a normal vector field. The formulas of Gauss and
Weingarten are given respectively by
∇′xy = ∇xy + σ(x, y);
∇′xξ = −Aξx+Dxξ,
where σ is the second fundamental form, D is the normal connection, and Aξ is the shape
operator with respect to ξ. In general, Aξ is not diagonalizable.
The mean curvature vector field H of M21 is defined as H =
1
2
tr σ. A surface M21 is
called minimal if its mean curvature vector vanishes identically, i.e. H = 0. A surface M21
is called quasi-minimal (or pseudo-minimal) if its mean curvature vector is lightlike at each
point, i.e. H 6= 0 and 〈H,H〉 = 0 [16].
A normal vector field ξ on M21 is called parallel in the normal bundle (or simply parallel)
if Dξ = 0 holds identically [5]. The surface M21 is said to have parallel mean curvature
vector field if its mean curvature vector H is parallel, i.e. DH = 0.
A natural extension of the class of surfaces with parallel mean curvature vector field are
surfaces with parallel normalized mean curvature vector field. A surface M21 is said to have
parallel normalized mean curvature vector field if the mean curvature vector H is non-zero
and there exists a unit vector field in the direction of the mean curvature vector field which
is parallel in the normal bundle [4]. It is easy to see that if M21 is a surface with non-zero
parallel mean curvature vector field H (i.e. DH = 0), then M21 is a surface with parallel
normalized mean curvature vector field, but the converse is not true in general. It is true
only in the case ‖H‖ = const.
3. General Rotational Surfaces of Elliptic and Hyperbolic Type
General rotational surfaces in the Euclidean 4-space E4 were introduced by C. Moore [14]
as follows. Let m : x(u) =
(
x1(u), x2(u), x3(u), x4(u)
)
; u ∈ J ⊂ R be a smooth curve in E4,
and α, β be constants. A general rotation of the meridian curve m is defined by
X(u, v) =
(
X1(u, v), X2(u, v), X3(u, v), X4(u, v)
)
,
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where
X1(u, v) = x1(u) cosαv − x2(u) sinαv; X3(u, v) = x3(u) cos βv − x4(u) sinβv;
X2(u, v) = x1(u) sinαv + x2(u) cosαv; X4(u, v) = x3(u) sin βv + x4(u) cosβv.
If β = 0, x2(u) = 0 the plane Oe3e4 is fixed and one gets the classical rotation about a fixed
two-dimensional axis.
Similarly to the general rotations in the Euclidean space E4 one can consider general
rotational surfaces in the Minkowski 4-space E41 (see [11] and [6]).
Now we shall define general rotational surfaces of Moore type in the pseudo-Euclidean
4-space E42.
Let Oe1e2e3e4 be an orthonormal base of E
4
2, such that 〈e1, e1〉 = 〈e2, e2〉 = 1, and
〈e3, e3〉 = 〈e4, e4〉 = −1. Let m : x(u) =
(
x1(u), x2(u), x3(u), x4(u)
)
; u ∈ J ⊂ R be a
smooth spacelike or timelike curve in E42, and α, β be constants. A general rotational
surface of elliptic type can be defined as follows:
X(u, v) =
(
X1(u, v), X2(u, v), X3(u, v), X4(u, v)
)
,
where
(1)
X1(u, v) = x1(u) cosαv − x2(u) sinαv; X3(u, v) = x3(u) cosβv − x4(u) sin βv;
X2(u, v) = x1(u) sinαv + x2(u) cosαv; X4(u, v) = x3(u) sinβv + x4(u) cosβv.
If β = 0, x2(u) = 0 one gets the surface with parametrization
X(u, v) =
(
x1(u) cosαv, x1(u) sinαv, x3(u), x4(u)
)
,
which is a standard rotation of elliptic type about the 2-dimensional axis Oe3e4. In the
case α = 0, x4(u) = 0 we get the surface
X(u, v) =
(
x1(u), x2(u), x3(u) cosβv, x3(u) sin βv
)
,
which is a standard rotation of elliptic type about Oe1e2. If α > 0 and β > 0 the surface
defined by (1) is analogous to the general rotational surface of C. Moore in E4.
In the present paper we shall consider Lorentz general rotational surfaces of elliptic type
for which α > 0, β > 0, x2(u) = x4(u) = 0. In this case the meridian curve m lies in
two-dimensional plane.
Similarly to the general rotational surfaces of elliptic type we define general rotational
surfaces of hyperbolic type in E42 as follows:
(2)
X1(u, v) = x1(u) coshαv + x3(u) sinhαv; X3(u, v) = x1(u) sinhαv + x3(u) coshαv;
X2(u, v) = x2(u) coshβv + x4(u) sinhβv; X4(u, v) = x2(u) sinhβv + x4(u) coshβv.
In the case β = 0, x3(u) = 0 we obtain the surface with parametrization
X(u, v) =
(
x1(u) coshαv, x2(u), x1(u) sinhαv, x4(u)
)
,
which is a standard rotation of hyperbolic type about Oe2e4. In the case α = 0, x
4(u) = 0
we get the surface
X(u, v) =
(
x1(u), x2(u) cosh βv, x3(u), x2(u) sinh βv
)
,
which is a standard rotation of hyperbolic type about Oe1e3. If α > 0 and β > 0 the
surface defined by (2) is a general rotational surface of hyperbolic type in E42. We shall
consider Lorentz general rotational surfaces of hyperbolic type for which α > 0, β > 0,
x3(u) = x4(u) = 0.
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3.1. General rotational surfaces of elliptic type with plane meridians. Let M1 be
the general rotational surface of elliptic type defined by:
(3) M1 : z(u, v) = (f(u) cosαv, f(u) sinαv, g(u) cosβv, g(u) sinβv) ,
where u ∈ J ⊂ R, v ∈ [0; 2pi), f(u) and g(u) are smooth functions satisfying α2f 2(u) −
β2g2(u) < 0, f ′ 2(u)− g′ 2(u) > 0, and α, β are positive constants.
The tangent frame field TpM1 is determined by the vector fields
zu = (f
′(u) cosαv, f ′(u) sinαv, g′(u) cosβv, g′(u) sinβv) ;
zv = (−αf(u) sinαv, αf(u) cosαv,−βg(u) sinβv, βg(u) cosβv) .
The coefficients of the first fundamental form of M1 are expressed by:
E = 〈zu, zu〉 = f ′2(u)− g′2(v) > 0;
F = 〈zu, zv〉 = 0;
G = 〈zv, zv〉 = α2f 2(u)− β2g2(u) < 0.
So, M1 is a Lorentz surface in E42.
We consider the following orthonormal tangent frame field:
x =
zu√
E
; y =
zv√−G,
which satisfy 〈x, x〉 = 1, 〈y, y〉 = −1, and 〈x, y〉 = 0. Let n1 and n2 be the normal vector
fields defined by:
n1 =
1√
−α2f 2(u) + β2g2(u) (βg(u) sinαv,−βg(u) cosαv, αf(u) sinβv,−αf(u) cosβv) ;
n2 =
1√
f ′2(u)− g′2(v) (g
′(u) cosαv, g′(u) sinαv, f ′(u) cosβv, f ′(u) sin βv) .
Note that 〈n1, n1〉 = 1, 〈n2, n2〉 = −1, 〈n1, n2〉 = 0. Calculating the second derivatives
zuu = (f
′′(u) cosαv, f ′′(u) sinαv, g′′(u) cosβv, g′′(u) sinβv) ;
zuv = (−αf ′(u) sinαv, αf ′(u) cosαv,−βg′(u) sin βv, βg′(u) cosβv) ;
zvv =
(−α2f(u) cosαv,−α2f(u) sinαv,−β2g(u) cosβv,−β2g(u) sinβv) ,
we obtain the following components of the second fundamental tensor:
〈zuu, n1〉 = 0; 〈zuu, n2〉 = f
′′(u)g′(u)− g′′(u)f ′(u)√
f ′2(u)− g′2(u) ;
〈zuv, n1〉 = αβ(f(u)g
′(u)− f ′(u)g(u))√
β2g2(u)− α2f 2(u) ; 〈zuv, n2〉 = 0;
〈zvv, n1〉 = 0; 〈zvv, n2〉 = β
2f ′(u)g(u)− α2f(u)g′(u))√
f ′2(u)− g′2(u) .
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The above formulas imply
(4)
σ(x, x) =
f ′(u)g′′(u)− g′(u)f ′′(u)
(
√
f ′2(u)− g′2(u))3 n2;
σ(x, y) =
αβ(f(u)g′(u)− f ′(u)g(u))√
f ′2(u)− g′2(u)(β2g2(u)− α2f 2(u)) n1;
σ(y, y) =
(α2f(u)g′(u)− β2f ′(u)g(u))√
f ′2(u)− g′2(u)(β2g2(u)− α2f 2(u)) n2.
Using that the Gauss curvature K is determined by the formula
K =
〈σ(x, x), σ(y, y)〉 − 〈σ(x, y), σ(x, y)〉
〈x, x〉〈y, y〉 − 〈x, y〉2 ,
we obtain
K =
α2β2(f ′2 − g′2)(fg′ − f ′g)2 − (β2g2 − α2f 2)(β2f ′g − α2fg′)(f ′g′′ − f ′′g′)
(f ′2 − g′2)2(β2g2 − α2f 2)2 .
Calculating the derivatives of the normal vector fields n1 and n2 we get
(5)
Dxn1 = 0; Dxn2 = 0;
Dyn1 =
αβ(ff ′ − gg′)√
f ′2 − g′2(β2g2 − α2f 2) n2; Dyn2 =
αβ(ff ′ − gg′)√
f ′2 − g′2(β2g2 − α2f 2) n1.
For the tangent vector fields x and y we obtain the following derivative formulas:
(6)
∇xx = 0; ∇xy = 0;
∇yx = − α
2ff ′ − β2gg′√
f ′2 − g′2(β2g2 − α2f 2) y; ∇yy = −
α2ff ′ − β2gg′√
f ′2 − g′2(β2g2 − α2f 2) x.
The curvature of the normal connection κ of M1 is determined by
κ =
〈R⊥(x, y)n1, n2〉
〈x, x〉〈y, y〉 − 〈x, y〉2 = −〈DxDyn1 −DyDxn1 −D[x,y]n1, n2〉.
Formulas (5) and (6) imply that the curvature of the normal connection is given by the
following expression:
(7) κ =
−αβ(fg′ − gf ′) ((β2g2 − α2f 2)(g′f ′′ − f ′g′′) + (f ′2 − g′2)(β2gf ′ − α2fg′))
(f ′2 − g′2)2(β2g2 − α2f 2)2 .
The normal mean curvature vector field H is defined by the formula
H =
σ(x, x)− σ(y, y)
2
.
Using the expressions for σ(x, x) and σ(y, y) in formulas (4) we get:
(8) H =
(f ′2 − g′2)(β2gf ′ − α2fg′)− (β2g2 − α2f 2)(f ′′g′ − f ′g′′)
2 (f ′2 − g′2) 32 (β2g2 − α2f 2)
n2.
Formula (8) shows that in the case H 6= 0 the normalized mean curvature vector field of
a general rotational surface of elliptic type with plane meridian curves is timelike. So, we
can formulate the following statement:
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Proposition 3.1. There are no quasi-minimal general rotational surfaces of elliptic type
with plane meridian curves.
Remark 3.2. Let us note that in the class of standard rotational surfaces in E42 there exist
quasi-minimal surfaces and they are described in [10].
In our further considerations we shall use the following notations:
(9)
ν1 =
g′f ′′ − f ′g′′
(f ′2 − g′2) 32
; ν2 =
β2gf ′ − α2fg′√
f ′2 − g′2(β2g2 − α2f 2) ;
µ =
αβ(fg′ − gf ′)√
(f ′2 − g′2)(β2g2 − α2f 2) ; γ2 =
α2ff ′ − β2gg′√
f ′2 − g′2(β2g2 − α2f 2) ;
β2 =
αβ(ff ′ − gg′)√
f ′2 − g′2(β2g2 − α2f 2) .
Thus, equalities (4), (5), and (6) give the following derivative formulas of M1:
(10)
∇′xx = −ν1 n2; ∇′xn1 = µ y;
∇′xy = µn1; ∇′yn1 = −µ x+ β2 n2;
∇′yx = −γ2 y + µn1; ∇′xn2 = −ν1 x;
∇′yy = −γ2 x− ν2 n2; ∇′yn2 = ν2 y + β2 n1.
Remark 3.3. In [2], an invariant local theory of Lorentz surfaces in the pseudo-Euclidean
space E42 is developed and a family of eight geometric functions is introduced. It is proved
that these geometric functions determine the surface up to a rigid motion in E42. The
functions ν1, ν2, µ, γ2, β2 given in (9) are the geometric functions of the general rotational
surface M1 in the sense of [2] (note that the other three geometric functions of M1 are
equal to zero).
3.2. General rotational surfaces of hyperbolic type with plane meridians. Now
we shall consider general rotational surfaces of hyperbolic type with plane meridian curves.
Let M2 be the surface defined by
(11) M2 : z(u, v) = (f(u) coshαv, g(u) coshβv, f(u) sinhαv, g(u) sinhβv) ,
where u ∈ J ⊂ R, v ∈ [0; 2pi), f(u) and g(u) are smooth functions, which satisfy the
conditions α2f 2(u) + β2g2(u) > 0, f ′2(u) + g′2(u) > 0, α = const > 0, β = const > 0.
The tangent vector fields zu and zv of M2 are:
zu = (f
′(u) coshαv, g′(u) cosh βv, f ′(u) sinhαv, g′(u) sinh βv) ,
zv = (αf(u) sinhαv, βg(u) sinhβv, αf(u) coshαv, βg(u) coshβv) .
The coefficients of the first fundamental form of M2 are given by:
E = f ′2(u) + g′2(v), F = 0, G = −(α2f 2 + β2g2).
So, M2 is a Lorentz surface.
Now we consider the following orthonormal tangent frame field x =
zu√
E
, y =
zv√−G ,
which satisfies 〈x, x〉 = 1, 〈y, y〉 = −1, 〈x, y〉 = 0. We choose the following normal vector
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fields of M2:
n1 =
1√
f ′2(u) + g′2(v)
(g′(u) coshαv,−f ′(u) cosh βv, g′(u) sinhαv,−f ′(u) sinhβv) ;
n2 =
1√
α2f 2(u) + β2g2(u)
(βg(u) sinhαv,−αf(u) sinhβv, βg(u) coshαv,−αf(u) coshβv) ,
for which we have 〈n1, n1〉 = 1, 〈n2, n2〉 = −1, 〈n1, n2〉 = 0.
With respect to the frame field {x, y, n1, n2} introduced above we obtain the following
derivative formulas of M2:
(12)
∇′xx = ν1 n1; ∇′xn1 = −ν1 x;
∇′xy = −µn2; ∇′yn1 = ν2 y − β2 n2;
∇′yx = −γ2 y − µn2; ∇′xn2 = µ y;
∇′yy = −γ2 x+ ν2 n1; ∇′yn2 = −µ x− β2 n1,
where the functions ν1, ν2, µ, γ2, β2 are expressed by:
(13)
ν1 =
f ′′g′ − f ′g′′(√
f ′2 + g′2
)3 ; ν2 = α
2fg′ − β2gf ′√
f ′2 + g′2(α2f 2 + β2g2)
;
µ =
αβ(fg′ − f ′g)√
f ′2 + g′2(α2f 2 + β2g2)
; γ2 = − α
2ff ′ + β2gg′√
f ′2 + g′2(α2f 2 + β2g2)
;
β2 = − αβ(ff
′ + gg′)√
f ′2 + g′2(α2f 2 + β2g2)
.
These five functions are the geometric functions of the general rotational surface of hyper-
bolic type M2 in the sense of [2]. The other three geometric functions of M2 are equal to
zero.
Similarly to the elliptic case we obtain the following expressions for the Gauss curvature
K, the curvature of the normal connection κ, and the mean curvature vector field H of
M2:
K = −α
2β2(fg′ − f ′g)2(f ′2 + g′2) + (α2fg′ − β2f ′g)(f ′′g′ − f ′g′′)(α2f 2 + β2g2)
(f ′2 + g′2)2(α2f 2 + β2g2)2
;
κ =
αβ(fg′ − f ′g) ((α2f 2 + β2g2)(f ′′g′ − f ′g′′) + (f ′2 + g′2)(α2fg′ − β2gf ′))
(f ′2 + g′2)2(α2f 2 + β2g2)2
;
H =
(f ′2 + g′2)(β2f ′g − α2fg′) + (α2f 2 + β2g2)(f ′′g′ − f ′g′′)
2 (f ′2 + g′2)
3
2 (α2f 2 + β2g2)
n1.
Note that in the case H 6= 0 the normalized mean curvature vector field of a general
rotational surface of hyperbolic type with plane meridian curves is timelike. So, we can
formulate the following statement:
Proposition 3.4. There are no quasi-minimal general rotational surfaces of hyperbolic type
with plane meridian curves.
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If a Lorentz surface in E42 is neither minimal nor quasi-minimal, then it is worth con-
sidering the allied mean curvature vector field of the surface. The notion of allied mean
curvature vector field of a Lorentz surface M21 in E
4
2 is defined by the formula
a(H) =
‖H‖
2
tr(A1 ◦ A2)n2,
where {n1 = H‖H‖ , n2} is an orthonormal base of the normal space of M
2
1 ; A1 and A2 are
the shape operators corresponding to n1 and n2, respectively. M
2
1 is said to be a Chen
surface (Chen submanifold in E42) if a(H) vanishes identically [5].
Using formulas (10) and (12) for the general rotational surfaceM1 andM2, respectively,
we can easily calculate that a(H) = 0. So, we get the following
Proposition 3.5. Each general rotational surface of elliptic or hyperbolic type in E42 is a
Chen surface.
General rotational surfaces with plane meridian curves and pointwise 1-type Gauss map
in E42 are studied in [1] under the assumption α = β = 1 and K = 0. In [3], the classification
of general rotational surfaces having zero mean curvature and pointwise 1-type Gauss map
of second kind is given.
A special class of rotational surfaces with constant mean curvature in E42 is studied in
[12]. These are general rotational surfaces with plane meridian curves in the case α = β = 1
and f(u) = ϕ(u) sinhu; g(u) = ϕ(u) cosh u for some smooth function ϕ(u).
In what follows we study some basic classes of general rotational surfaces of elliptic and
hyperbolic type in the case of arbitrary constants α > 0 and β > 0. We give the classification
of minimal general rotational surfaces, general rotational surfaces with parallel normalized
mean curvature vector field, and flat general rotational surfaces. We describe analytically
the class of general rotational surfaces with flat normal connection.
4. Minimal general rotational surfaces of elliptic or hyperbolic type
The study of minimal surfaces is one of the main topics in classical differential geometry.
Recall that a surface in E42 is minimal if the mean curvature vector field H = 0. Each plane
is a trivial minimal surface. We study only surfaces which do not contain any open part of
a plane.
In the next theorem we classify all minimal general rotational surfaces of elliptic type.
Theorem 4.1. Let M1 be a general rotational surface of elliptic type, defined by (3). Then
M1 is minimal if and only if the meridian curve m is determined by one of the following:
(i) f = cg±
α
β , c = const, c 6= 0, α 6= β;
(ii) arcsin
(
αf√
A
)
= ±α
β
arcsin
(
βg√
A
)
+C, where C = const, A = const, A > 0, α 6= β;
(iii) (f + g)2 = a (f − g)2 + b, where a = const, a 6= 0, b = const, and α = β.
Proof: The mean curvature vector field H of a general rotational surface of elliptic type is
given by (8). Hence, the surface M1 is minimal if and only if
g′f ′′ − f ′g′′
f ′2 − g′2 =
β2gf ′ − α2fg′
β2g2 − α2f 2 .
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On the other hand, from (10) it follows that the mean curvature vector field H is expressed
as H =
ν2 − ν1
2
n2, where ν1 and ν2 are given in (9). So, the condition H = 0 is equivalent
to ν1 = ν2.
Now, letM1 is minimal, i.e. the equality ν1 = ν2 holds. Taking into account that R′ = 0
and using derivative formulas (10) we obtain the equalities
(14)
2µγ2 − ν1β2 = x(µ);
µβ2 − 2ν1γ2 = −x(ν1).
If we assume that µ = 0, from (9) we get fg′− gf ′ = 0, which implies f = cg, c = const.
Straightforward computations show that in this case ν1 = ν2 = 0 and hence σ(x, x) =
σ(x, y) = σ(y, y) = 0. So, the surface is totally geodesic, i.e. M1 is locally a plane.
So, further we consider µ 6= 0. If we assume that ν1 = ν2 = 0, from (9) we get g′f ′′−f ′g′′ =
0, which implies
f ′′
f ′
=
g′′
g′
.
The solution of this equation is given by f = ag + b, a = const 6= 0, b = const. Without
loss of generality we can consider f(u) and g(u) as follows:
(15) f(u) = au+ b; g(u) = u.
In this case the function µ is expressed as µ =
αβ b√
(a2 − 1)(β2u2 − α2(au+ b)2) . On the
other hand, using (14) in the case ν1 = 0, we obtain µ β2 = 0. Since µ 6= 0, we get β2 = 0.
The expression of β2 in (9) implies ff
′−gg′ = 0. The last equality together with (15) gives
a2 − 1 = 0, which contradicts the assumption f ′2 − g′2 > 0.
So, further we consider µ 6= 0 and ν1 = ν2 6= 0.
In the case α = β, taking into account that ν1 = ν2, from (9) we get the equation:
(16)
f ′′g′ − f ′g′′
f ′2 − g′2 =
fg′ − f ′g
f 2 − g2 .
We denote φ(u) =
f(u)
g(u)
and ψ(u) =
f ′(u)
g′(u)
. Then equation (16) is written in the form
φ′(u)
1− φ2(u) =
ψ′(u)
ψ2(u)− 1 ,
which implies the following equality
ln
∣∣∣∣1 + φ1− φ
∣∣∣∣ = ln
∣∣∣∣ψ − 1ψ + 1
∣∣∣∣+ const.
Hence, we obtain
(1 + φ)(1 + ψ)
(1− φ)(1− ψ) = const.
Now, using the expressions of φ(u) and ψ(u) we get(
(f + g)2
)′
= a
(
(f − g)2)′ , a = const 6= 0.
Hence, in the case α = β the relation between the functions f and g is:
(f + g)2 = a (f − g)2 + b,
where a = const 6= 0, b = const. Thus we obtain case (iii) in the statement of the theorem.
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Further we consider the case α 6= β. If µ2 − ν2 = 0, or equivalently ν1 = ν2 = ±µ, then
the expressions of ν2 and µ in (9) give the equation:
β2gf ′ − α2fg′ = ±αβ(fg′ − gf ′),
which can be written in the form:
f ′
f
= ±α
β
g′
g
.
The solution of the last equation is:
f = cg±
α
β , c = const, c 6= 0,
which gives (i) in the statement of the theorem.
Now we consider the case µ2− ν2 6= 0. Denote ν := ν1 = ν2. Using equalities (14) we get
the equations:
x(µ) = 2µγ2 − νβ2;
x(ν) = 2νγ2 − µβ2,
which imply
(17) x(µ2 − ν2) = 4(µ2 − ν2)γ2.
Formula (17) together with the equality γ2 = −x(ln(
√−G) give us
x(ln |µ2 − ν2|) = −4x(ln(√−G),
which implies
x(ln |(µ2 − ν2)G2|) = 0.
Since the functions µ, ν, and G do not depend on the parameter v, we obtain
|(µ2 − ν2)G2| = c2, c = const 6= 0.
Using the expressions of µ and ν in (9) and taking into account f ′2− g′2 = 1, we obtain the
equation:
α2β2(fg′ − f ′g)2 − (β2f ′g − α2fg′)2 = c2,
or equivalently:
(α2 − β2)(β2f ′2g2 − α2f 2(f ′2 − 1)) = c2.
Since α2 − β2 6= 0, putting A = c
2
α2 − β2 , we obtain the following expression for f
′2:
(18) f ′2 =
A− α2f 2
β2g2 − α2f 2 .
Using that g′2 = f ′2 − 1 we get:
(19) g′2 =
A− β2g2
β2g2 − α2f 2 .
Since f ′2 > 0 and g′2 > 0, we get A > α2f 2 and A > β2g2, so A > 0, i.e. α2 > β2.
Equations (18) and (19) imply
f ′2
A− α2f 2 =
g′2
A− β2g2 .
The last equality gives the following relation between the functions f and g:
arcsin
(
αf√
A
)
= ±α
β
arcsin
(
βg√
A
)
+ C, C = const.
This corresponds to case (ii) in the statement of the theorem.
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Conversely, if one of (i), (ii), or (iii) holds, then by straightforward computations it follows
that ν1 = ν2, i.e. M1 is a minimal surface. 
The following theorem gives the classification of all minimal general rotational surfaces
of hyperbolic type.
Theorem 4.2. Let M2 be a general rotational surface of hyperbolic type, defined by (11).
Then M2 is minimal if and only if the meridian curve m is determined by one of the
following:
(i) f = cg∓
α
β , c = const, c 6= 0, α 6= β;
(ii) αf+
√
α2f 2 − A = C
(
βg +
√
β2g2 + A
)±α
β , C = const, A = const, AC 6= 0, α 6= β;
(iii) arctan
(
f ′
g′
)
= − arctan
(
f
g
)
+ c, c = const, and α = β.
Proof: Similarly to the proof of Theorem 4.1, we obtain that µ 6= 0 and ν1 = ν2 6= 0. We
denote ν := ν1 = ν2.
In the case α = β, using that ν1 = ν2, from (13) we get the equation
f ′′g′ − f ′g′′
f ′2 + g′2
=
fg′ − f ′g
f 2 + g2
,
which implies (
arctan
(
f ′
g′
))′
= −
(
arctan
(
f
g
))′
.
So, the relation between the functions f and g is given by:
arctan
(
f ′
g′
)
= − arctan
(
f
g
)
+ c, c = const,
which corresponds to case (iii) of the theorem.
Now, we consider the case α 6= β. If µ2 − ν2 = 0, then as in the elliptic case we get the
equation:
α2fg′ − β2gf ′ = ±αβ(fg′ − gf ′),
whose solution is:
f = cg∓
α
β , c = const, c 6= 0.
This is case (i) in the statement of the theorem.
If µ2 − ν2 6= 0, then from R′ = 0 and (12) we obtain the equation
x(µ2 − ν2) = 4(µ2 − ν2)γ2.
On the other hand, we have γ2 = −x(ln(
√−G), so we get
|µ2 − ν2|G2 = c2, c = const 6= 0.
Without loss of generality we assume that f ′2 + g′2 = 1. So, we obtain the equation
(β2f ′2g2 − α2f 2(1− f ′2))(α2 − β2) = c2.
Since α2 − β2 6= 0, putting A = c
2
α2 − β2 , we get the following expressions for f
′2 and g′2:
f ′2 =
α2f 2 − A
α2f 2 + β2g2
, g′2 =
β2g2 + A
α2f 2 + β2g2
,
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which imply
(20)
f ′2
α2f 2 − A =
g′2
β2g2 + A
.
Note that α2f 2 − A > 0 and β2g2 + A > 0, since f ′2 > 0 and g′2 > 0. Equation (20)
implies that the functions f and g, which describe the meridian curve m ofM2, satisfy the
following relation:
ln
∣∣∣αf +√α2f 2 − A∣∣∣ = ±α
β
ln
∣∣∣βg +√β2g2 + A∣∣∣+ c,
where c = const. Finally, we obtain
αf +
√
α2f 2 − A = C
(
βg +
√
β2g2 + A
)±α
β .
This is case (ii) in the theorem.

5. General rotational surfaces of elliptic or hyperbolic type with
parallel normalized mean curvature vector field
In the case H 6= 0 the normalized mean curvature vector field of the rotational surface
of elliptic type M1 is n2. So, M1 has parallel normalized mean curvature vector field if
and only if Dxn2 = Dyn2 = 0. The next theorem describes all general rotational surfaces
of elliptic type with parallel normalized mean curvature vector field.
Theorem 5.1. Let M1 be a general rotational surface of elliptic type, defined by (3). Then
M1 has parallel normalized mean curvature vector field if and only if the meridian curve
m is determined by
f(u) = ±
√
u2 − C2; g(u) = u, C = const 6= 0.
Proof: It follows from (5) that Dxn2 = Dyn2 = 0 if and only if the functions f and g satisfy
the following differential equation:
ff ′ − gg′ = 0,
which implies that f 2 = g2 + C1 for some constant C1. Without loss of generality we can
assume that g(u) = u. Then f(u) = ±
√
u2 + C1. Since f
′2 − g′2 > 0, we obtain C1 < 0.
Hence f(u) = ±
√
u2 − C2 for some constant C 6= 0.

Using the last theorem and equality (8) we obtain that the mean curvature vector field
H of a general rotational surface of elliptic type with parallel normalized mean curvature
vector field is given by:
H =
1
C
n2.
Hence, the condition onM1 to have parallel normalized mean curvature vector field implies
〈H,H〉 = − 1
C2
= const. So, the following statement holds:
Corollary 5.2. If M1 has parallel normalized mean curvature vector field, then it has
parallel mean curvature vector field.
The classification of general rotational surfaces of hyperbolic type with parallel normal-
ized mean curvature vector field is given in the next theorem.
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Theorem 5.3. Let M2 be a general rotational surface of hyperbolic type, defined by (11).
Then M2 has parallel normalized mean curvature vector field if and only if the meridian
curve m is determined by
f(u) = ±
√
C2 − u2; g(u) = u, C = const 6= 0.
Proof: In the case H 6= 0 the normalized mean curvature vector field of M2 is n1. Using
(12) and (13), we get that M2 has parallel normalized mean curvature vector field if and
only if the functions f and g satisfy the equation
ff ′ + gg′ = 0,
which implies f 2 + g2 = C2 for some constant C 6= 0. Without loss of generality we can
assume that g(u) = u and then the function f(u) has the form f(u) = ±
√
C2 − u2.

Calculating the mean curvature vector fieldH of a general rotational surface of hyperbolic
type with parallel normalized mean curvature vector field, we obtain
H = ∓ 1
C
n1.
The last equality shows that ‖H‖ = const, so the following statement holds true:
Corollary 5.4. If M2 has parallel normalized mean curvature vector field, then it has
parallel mean curvature vector field.
6. Flat general rotational surfaces of elliptic or hyperbolic type
In this section we give the classification of flat general rotational surfaces of elliptic or
hyperbolic type.
Theorem 6.1. Let M1 be a general rotational surface of elliptic type, defined by (3). Then
M1 is flat if and only if the meridian curve m is determined by one of the following:
(i) β2g2 − α2f 2 = a2(u+ c)2, where a = const 6= 0, c = const;
(ii) α2f 2 − β2g2 = C, where C = const, C < 0.
Proof: A Lorentz surface is flat, if its Gauss curvature is zero. In terms of the functions µ,
ν1 and ν2 participating in formulas (10), the condition onM1 to have zero Gauss curvature
is expressed as µ2 + ν1ν2 = 0.
Now, let µ2 + ν1ν2 = 0, i.e. K = 0. Using that R
′ = 0 from derivative formulas (10) we
obtain
(21) x(γ2) = (γ2)
2.
Without loss of generality we can assume that f ′2 − g′2 = 1. Then x = ∂
∂u
.
If γ2 6= 0 from equality (21) we get the equation :
γ′2
(γ2)2
= 1,
whose solution is
γ2(u) = − 1
u+ c
, c = const.
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On the other hand, γ2 = −x(ln
√
β2g2 − α2f 2). Consequently,
(ln
√
β2g2 − α2f 2)′ = 1
u+ c
.
The last equation gives the following relation between the functions f and g determining
the meridian curve m:
β2g2 − α2f 2 = a2(u+ c)2,
where a = const 6= 0 and c = const.
If γ2 = 0, from (9) we get the equation
α2ff ′ − β2gg′ = 0,
which implies
α2f 2 − β2g2 = C, C = const.
Since we consider surfaces with α2f 2 − β2g2 < 0, so the constant C is negative.
Conversely, if (i) or (ii) holds, then by straightforward computations we get µ2+ν1ν2 = 0,
i.e. the surface M1 is flat.

The next theorem describes flat general rotational surfaces of hyperbolic type.
Theorem 6.2. Let M2 be a general rotational surface of hyperbolic type, defined by (11).
Then M2 is flat if and only if the meridian curve m is determined by one of the following:
(i) α2f 2 + β2g2 = a2(u+ c)2, a = const 6= 0, c = const;
(ii) α2f 2 + β2g2 = C, C = const.
Proof: The proof in the hyperbolic case is similar to the elliptic one. Again we have that
a general rotational surface of hyperbolic type is flat if and only if the functions µ, ν1 and
ν2 participating in (12) satisfy the condition µ
2 + ν1ν2 = 0. The function γ2 satisfies the
equation
x(γ2) = (γ2)
2.
In the case γ2 6= 0, assuming that f ′2 + g′2 = 1, we obtain:
γ2(u) = − 1
u+ c
, c = const.
On the other hand, γ2 = −x(ln
√
α2f 2 + β2g2), so
(ln
√
α2f 2 + β2g2)′ =
1
u+ c
.
The solution of the last differential equation is:
α2f 2 + β2g2 = a2(u+ c)2,
where a = const 6= 0, c = const.
If γ2 = 0 we obtain
α2ff ′ + β2gg′ = 0,
or equivalently
α2f 2 + β2g2 = C, C = const.

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7. General rotational surfaces of elliptic or hyperbolic type with flat
normal connection
A surface is said to have flat normal connection if the curvature of the normal connection
is zero. Each surface with parallel normalized mean curvature vector field has flat normal
connection. In Section 5, we classified all general rotational surfaces with parallel normal-
ized mean curvature vector field. Note that according to Corollary 5.2 and Corollary 5.4,
in the class of general rotational surfaces of both elliptic and hyperbolic type the condition
of parallel normalized mean curvature vector field is equivalent to the condition of parallel
mean curvature vector field. So, here we shall consider general rotational surfaces with flat
normal connection but non-parallel mean curvature vector field, i.e. we assume that β2 6= 0.
Theorem 7.1. Let M1 be a general rotational surface of elliptic type, defined by (3). Then
M1 has flat normal connection and non-parallel mean curvature vector field if and only if
the meridian curve m is determined by one of the following:
(i) f = c g, where c = const, 1 < c2 <
β2
α2
, and α < β. In this case, M1 is a developable
ruled surface in E42;
(ii)
ff ′ − gg′√
f ′2 − g′2
√
β2g2 − α2f 2 = C, where C = const, C 6= 0.
Proof: The curvature of the normal connection of the general rotational surfaceM1 is given
by formula (7). Hence, M1 has flat normal connection if and only if
(fg′ − gf ′) ((β2g2 − α2f 2)(g′f ′′ − f ′g′′) + (f ′2 − g′2)(β2gf ′ − α2fg′)) = 0.
The last equation leads to the following two cases:
(i) fg′−gf ′ = 0, i.e. f = c g for some constant c 6= 0. Since we consider surfaces for which
f ′2−g′2 > 0 and α2f 2−β2g2 < 0, so the constant c satisfies 1 < c2 < β
2
α2
, and hence α < β.
By straightforward computations we get ν1 = 0, ν2 =
c(β2 − α2)
g
√
c2 − 1(β2 − c2α2) 6= 0, µ = 0,
γ2 = − 1
g
√
c2 − 1 6= 0, β2 =
αβ
√
c2 − 1
g(β2 − c2α2) 6= 0. In this case M1 is a ruled surface, since the
meridian curvem is a straight line. Using formulas (10) we obtain that∇′xn1 = 0, ∇′xn2 = 0,
so, the normal space is constant at each point of a fixed straight line. Consequently, M1 is
a developable ruled surface in E42.
(ii) fg′ − gf ′ 6= 0. In this case the functions f and g satisfy the equation
(β2g2 − α2f 2)(g′f ′′ − f ′g′′) + (f ′2 − g′2)(β2gf ′ − α2fg′) = 0,
which is equivalent to ν1 + ν2 = 0. Using that R
′ = 0, from derivative formulas (10) under
the assumption ν1 + ν2 = 0, we obtain γ2β2 = x(β2). Since β2 6= 0, we get the equation
x(β2)
β2
= γ2,
which implies x(ln |β2|) = γ2. On the other hand, γ2 = −x(ln
√−G). Consequently,
(22) x
(
ln |β2
√−G|
)
= 0.
Now, using that the functions β2 and G do not depend on the parameter v, from (22) it
follows that
β2
√−G = const.
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Having in mind the expression of β2 given in (9), we obtain that the functions f and g
satisfy the following differential equation
ff ′ − gg′√
f ′2 − g′2
√
β2g2 − α2f 2 = C,
where C = const, C 6= 0.

Similarly to the proof of Theorem 7.1 we obtain the following characterization of general
rotational surfaces of hyperbolic type with flat normal connection.
Theorem 7.2. Let M2 be a general rotational surface of hyperbolic type, defined by (11).
Then M2 has flat normal connection and non-parallel mean curvature vector field if and
only if the meridian curve m is determined by one of the following:
(i) f = c g, where c = const, c 6= 0, and α 6= β. In this case, M1 is a developable ruled
surface in E42;
(ii)
ff ′ + gg′√
f ′2 + g′2
√
α2f 2 + β2g2
= C, where C = const, C 6= 0.
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